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Analysis of Transonic Integral
Equations: Part II—Boundary
Element Methods

W. Ogana*
University of Nairobi, Nairobi, Kenya

Introduction

HE transonic integro-differential and integral equations
have normally been solved by constant elements, except
in the case of Nixon! who solved the equation involving a
decay function by using a linear interpolation function to ex-
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press the transverse variation of the streamwise velocity in
each horizontal strip in terms of values on the strip edges.
Research in boundary element methods has revealed that cons-
tant elements are the simplest of a class of methods and that
better accuracy may be achieved by using higher-order
elements.? In this paper we formulate the boundary element
solutions of the two-dimensional transonic integro-differential
and integral equations as developed in Part 1.? Apart from us-
ing constant and quadrilateral elements, we develop hybrid
elements based on constant elements in the streamwise direc-
tion and variable elements in the transverse direction. This
leads to constant-linear and constant-quadratic elements. The
boundary conditions term is computed using linear and
quadratic elements, in addition to constant elements. Com-
putation is carried out for nonlifting parabolic-arc and
NACAO0012 airfoils.

Boundary Element Methods

The basic equations to be solved are Eqgs. (5) and (8) of Part
I. The computational domain is discretized into surface
elements of suitable shapes. We use rectangular elements, with
m elements in each of the n horizontal strips. Hence there are
M =mn elements denoted A,,4,,...,4,,, starting from the bot-
tom left and proceeding from left to right in each horizontal
strip. Let A; have width 24;, height 24;, aspect ratio «; = h;/5;,
and center with coordinates (X, Y;). Solutions are obtained
at the N nodes labeled Q,,0,,...,Qn, starting from the bottom
left and proceeding from left to right in each row. Let Q,; have
coordinates (x;,y;).

Uniform treatment can be given to the numerical solution of
the integro-differential and integral equations, as shown in
Part 1. Application of these equations at Q; yields the
nonlinear system

M
V=B EIA, i=1,2,...,.N 1)
j=1

where

J

1= [ KG-x.t-pHED das @
A

while ¢y, K, and H are defined in Part 1. The various
boundary element methods depend on how Eq. (2) is
approximated.

Constant Elements

We assume that H is constant within A; and takes the value
at the node Q;, appropriately located in A; such that x; = X. If
A, touches the x axis, the node is located on the x axis, marked

o and labeled 1 in Fig. 1. Otherwise, the node is located at the
center of A;, marked o and labeled 3 in Fig. 1. There is one

4
(xj y Y,)
O Constant and Hybrid Elements
O Quadrilaterai Elements
o~ o a
1 2

Fig. 1 Location and numbering of nodes within the rectangular
element.
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node per rectangular element so that N=AM. Equation (2)
reduces to

1;=b;H; ®
where H;=H(Q;) and
by = L_SK(E =X, §—yi) ds “)
Hence, Eq. (1) becomes
N
vi=yP+ EbuHJ i=1,2,...,N )
j=1

where [b;;] is a matrix of order N. The matrix element b;; may
be evaluated by Gaussian quadrature; however, analytical
evaluation is straightforward and preferable. This has been
the most widely used method to approximate Eq. (2).

Hybrid Elements

Transonic disturbances are known to persist for much
longer distances in the transverse than in the streamwise direc-
tion. We may, therefore, assume that within each rectangular
element H is constant in the streamwise direction and takes the
value at the center of the element but is variable in the
transverse direction. Define the local coordinates

t=(£=Y))/h, ©

for A; in the transverse direction. Application to Eq. (2) and
evaluation of the integral with respect to ¢ yields

1
I= S_l Wh(@+1,5,,5,) H (x,,1) dt )
where
h; [ st+ (a+1)? ]
————————1 for the TIDE
87 3+ (a+t)?
Wh =
1 [ S, sy ]
— - for the TIE
4 Lsi+ (a+1)? i+ (a+1)? ®)
in which
Y, —y; X;—x;—6 X;—x;+6
a= Jh‘ , 5 =t = 1 sy=2d h': ©)

J J

The first hybrid method is the constant-linear element for
which we assume that H(x;,t) varies linearly for te[ ~1,1].
Hence H(x;,?) is given by?

H(x;,t) =0{'H; +05H, 10)

where Hj;, and Hj, are the values of H at the nodes, in 4;,

marked o in Fig. 1 and labeled 1 and 2, respectively. The

shape functions are given by

0= (1-1) 0S=1(1+1) (1)
substitution of Eq. (10) into Eq. (7) yields

1;=hyH;, +hjH, (12

where

1
h,l;:S_l 0L (YW (a+1,5,,5,) At k=12 (13)
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The quantity A}, is an influence coefficeint which defines the
interaction between the node Q; and a particular node labeled
konA,;.

The second hybrid method is the constant-quadratic ele-
ment. Here we assume that H(x;,t) varies quadratically for
te[ —1,1]. Similar analysis leads to

Iy = hyHyy + Ky H + Wy 14

where the influence coefficients are
1
h = S 0@ Wh(a+t,s,,s)dt k=123 as)

The shape functions are
099 =121(t—1), 08 ="51(t+1), 0= (1—-0)(1+1) (16)

while H; ,H,, and H; are the values of H at the nodes, in 4;,
marked o in Fig. 1 and labeled 1, 2, and 3, respectively.

The influence coefficients in Egs. (13) and (15) may be
evaluated by Gaussian quadrature but analytical integration is
straightforward and preferable.

Quadrilateral Elements
For 4;, define the local coordinates

XY a7
8

L
and substitute in Eq. (2) to find

1 1
1j=S 1 SAI Wa(a, +1,,a, + ) H(t,,t,)dt,,dt, (18)

where
i @+l for the TIDE
- or
4t (a,+1))  +oa,+1,)?
Wa =
o; (a;+1))2—a?(ay +1,)?
- for the TIE
4 @ +h)l+al(@th)2]2 e
19
and
X;—x, Y, -,
a; =—1-"1 a,=—1 (20
5 h;
For the simplest quadrilateral element we let?
H(t,,t;) =09H;, +03H), + 0§H ;3 + 61 H @@

where Hj,, Hj, Hj3, and H, are the values of H at the nodes
in A;, marked o and labeled 1,2,3, and 4, respectively, in Fig.
1. The shape functions are

B ="(1-1)(1=1,)  69=Y%(1+1,)(1—1,)
0= (1+2)(1+2), 049=Y(l—-t))(1+1,) 22)

Substitution of Eq. (21) into Eq. (18) yields
4
L= ) WeHy 23)
k=1
in which the influence coefficient is given by

1 1
hf = 5—1 ghl 01 (t,L)Wi(a, +t,a,+ 1) df dt,  (24)
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Fig. 2 Coefficient of pressure for a prabolic-arc airfoil of thickness
ratio 0.06, at M =0.87.

If Q;¢4;, then Eq. (24) may readily be evaluated by Gaussian
quadrature which, for this expression, is more efficient than
analytical approach. However, if Q;eA; singularities occur and
special quadrature formulas? or analytical evaluation can be
used. The results for the latter approach are obtained after
considerable manipulations.

Results

Before numerical solutions are carried out the system of
equations may be put in the form of Eq. (5), where N depends
on the type of boundary element. Using the approach
presented here, the boundary conditions term y? may be
evaluated by linear or quadratic elements, in addition to cons-
tant elements. Flows with shocks are solved as described in
Part I. Computation was carried out on a Gouid 32 computer
for nonlifting parabolic-arc and NACAO0012 airfoils in sub-
critical and supercritical flows. The computational domain
was discretized with m =50 and » ranging from 1 to 4, depend-
ing on the method. Thus, the number of nodes varied from
50-250. Iteration stopped when the relative error between suc-
cessive iterates of u was less than 0.01 at all nodes. We present
only results from constant-linear elements. These values are
more accuate than constant elements but slightly less accurate
than constant-quadratic elements. Besides, for graphical pur-
poses the difference between the three results is not
significant.

Figure 2 shows: the coefficient of pressure plots for a
parabolic-arc airfoil, obtained from the integral equation; Fig.
3 shows the results for a NACAO0012 airfoil, obtained from the
integro-differential equation. The finite-difference results for
Fig. 2 are due to Ballhaus, Jameson, and Albert,* those of
Fig. 3 are from Jameson.® For the current method, con-
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Fig. 3 Coefficient of pressure for NACA0012 at M, =0.8.

vergence occurred in eight iterations for the TIE and 21 itera-
tions for the TIDE.

Computation was also carried out using one strip of rec-
tangular elements and the results compared with multistrip
solutions. Correct to four decimal places, the maximum
relative error between multistrip and one-strip results for the
parabolic-arc airfoil was 0.0123 for constant elements, 0.0006
for constant-linear elements, and 0.0000 for constant-
quadratic elements. For the NACAO0012 airfoil, the maximum
relative error was 0.0486 for constant elements, 0.0047 for
constant-linear elements, and 0.0000 for constant-quadratic
elements. We see that hybrid elements, particularly constant-
quadratic, yield fairly good results even if one strip of rec-
tangular elements is used. The decay function® was also tested,
with one horizontal strip of elements, and the results did not
show significant departure from the direct multistrip
solutions.
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